Abstract. In this paper we study the geodesic flow for a particular class of Riemannian non-compact manifolds with variable pinched negative sectional curvature. For a sequence of invariant measures we are able to prove results relating the loss of mass and bounds on the measure entropies. We compute the entropy contribution of the cusps. We develop and study the corresponding thermodynamic formalism. We obtain certain regularity results for the pressure of a class of potentials. We prove that the pressure is real analytic until it undergoes a phase transition, after which it becomes constant. Our techniques are based on the one side on symbolic methods and Markov partitions and on the other on geometric techniques and approximation properties at level of groups.
Introduction
This paper is devoted to study thermodynamic formalism for a class of geodesic flows defined over non-compact manifolds of variable pinched negative curvature. These flows can be coded with suspension flows defined over Markov shifts, albeit on a countable alphabet. This paper addresses two different but related problems where the non-compactness of the ambient manifold plays a fundamental role. Inspired in some recent results proved in the context of homogeneous dynamics ( [ELMV, EKP] ), we establish properties that relate the escape of mass of a sequence of invariant probability measures for the geodesic flow with its measure theoretic entropies (see section 5). The second goal of the paper is to construct a class of potentials for which the pressure exhibits a phase transition (see section 6). To obtain these results we combine both geometric and symbolic methods.
The class of manifolds that we will be working on along the paper were introduced in [DP] . These manifolds are obtained as the quotient of a Hadamard manifold with an extended Schottky group (see sub-section 4.2 for precise definitions). This class of groups have parabolic elements of rank 1, therefore the manifolds are noncompact. It was shown in [DP] that the geodesic flow over the unit tangent bundle of those manifolds can be coded as suspension flows over countable Markov shifts. The existence of a Markov coding for the geodesic flow is essential for ours results.
The idea of coding a flow in order to describe its dynamical and ergodic properties has long history and a great deal of interesting and important results have been obtained with these methods. Probably, some of the most relevant results using this technique are related to counting closed geodesics and also estimating the rate at which they grow [PP] . A landmark result is the construction of Markov partitions for Axiom A flows defined over compact manifolds done by Bowen [Bo1] and Ratner [Ra] . They actually showed that Axiom A flows can be coded with suspension flows defined over sub-shifts of finite type on finite alphabets with a regular (Hölder) roof functions. The study in the non-compact setting is far less developed. However, some interesting results have been obtained. Recently, Hamenstädt [H] and also Bufetov and Gurevich [BG] have coded Teichmüller flows with suspension flows over countable alphabets and using this representation have proved, for example, the uniqueness of the measure of maximal entropy. Another important example for which codings on countable alphabets have been constructed is a type of Sinai billiards [BS1, BS2] .
As mentioned before, one goal of the paper is to investigate the loss of mass of sequences of invariant measures for the geodesic flow. Recently, the loss of mass has been studied for the modular surface in [ELMV] . Despite being a particular case, the method displayed in [ELMV] is quite flexible and has the advantage it can be understood purely geometrically. A more general situation is studied in [EKP] , the results apply to any geodesic flow on a finite volume hyperbolic surface (with respect to the constant sectional curvature metric). We begin introducing the notion of entropy at infinity of a dynamical system defined over a non-compact topological space. Definition 1.1. Let Y be a non-compact topological space and S " pS t q tPR : Y Ñ Y a continuous flow. We define the "entropy at infinity" of the dynamical system as the number h 8 pY, tS t uq " sup tνnuá0 lim sup nÑ8 h νn pSq, where the supremum is taken over all the sequences of invariant probability measures for the flow converging in the vague topology to the zero measure. If no such sequence exists we set h 8 pY, tS t uq " 0. Here h ν pSq denotes the measure-theoretic entropy of a probability S-invariant measure ν.
Recall that the total mass of probability measures is not necessarily preserved under vague convergence (as opposite to weak convergence). Note that Definition 1.1 can be extended to more general group actions whenever an entropy theory has been developed for the group in consideration. Amenable groups are a classical example of such.
In this paper we are able to compute h 8 pT 1 X{Γ, pg t qq, where X is a Hadamard manifold with pinched negative sectional curvature, Γ is an extended Schottky group generated by N 1 hyperbolic isometries and N 2 parabolic ones, and pg t q is the geodesic flow on the unit tangent bundle T 1 X{Γ (see sub-section 4.2 for precise definitions). Define δ p,max :" maxtδ pi , 1 ď i ď N 2 u, where δ pi is the critical exponent of the Poincaré series of the group ă p i ą and p i is a parabolic element of Γ. We prove that h 8 pT 1 X{Γ, pg t" δ p,max .
It worth mentioning δ p,max is strictly less than the topological entropy of the geodesic flow. In our context, the non-compact pieces of our space are modeled by cusps. That is why we refer to this quantity as entropy in the cusps. More concretely we prove that if a sequence of measures are dissipating through the cusps, then the entropy contribution of the sequence is at most δ p,max . In [EKP] it is proven that h 8 pΓzG, Aq " h top {2 where G is a connected semisimple Lie group of real rank 1 with finite center, Γ a lattice in G and A a one-parameter subgroup of diagonalizable elements over R acting by right multiplication. In particular h 8 pT 1 S, pg t" 1{2, where S is a hyperbolic surface with finite volume. We also obtain results in the case where the sequence of measures keep some mass at the limit. Our bounds are less concrete than the analog result in the homogeneous dynamical case though. The following is one of our main results and gives the calculation of the entropy in the cusps mentioned before. The manifold under consideration is assumed to satisfy some mild technical conditions, denoted by p‹q. This condition is explained in detail in subsection 4.2. Theorem 1.2. Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be an extended Schottky group of isometries of X with property p‹q. Assume that the derivatives of the sectional curvature are uniformly bounded. Then, for every c ą δ p,max there exists a constant m " mpcq ą 0, with the following property: If pν n q is a sequence of pg t q-invariant probability measures on T 1 X{Γ satisfying h νn pgq ě c, then for every vague limit ν n á ν, we have
In particular if ν n á 0 then lim sup h νn pgq ď δ p,max . Moreover, the value δ p,max is optimal in the following sense: there exists a sequence pν n q of pg t q-invariant probability measures on T 1 X{Γ such that h νn pgq Ñ δ p,max and ν n á 0.
We believe similar results can be obtained for the geodesic flow in the geometrically finite case (maybe under some strong conditions on the curvature).
Our second goal is to study regularity properties of the pressure function. In order to do so, we make strong use of the symbolic coding that the geodesic flow has in the manifolds we are considering. The idea of using symbolic dynamics to study thermodynamic formalism of flows of geometric nature can be traced back to the work of Bowen and Ruelle [BR] . They studied in great detail ergodic theory and thermodynamic formalism for Axiom A flows defined on compact manifolds. The techniques they used were symbolic in nature and were based on the symbolic codings obtained by Bowen [Bo1] and Ratner [Ra] . In this work we follow this strategy. We stress, however, that our symbolic models are non-compact. There are several difficulties related to the lack of compactness that have to be addressed, but also new phenomena are observed.
To begin with, in sub-section 6 we propose a definition of topological pressure, P p¨q, that satisfies not only the variational principle, but also an approximation by compact invariant sets property. These provide symbolic proofs to results obtained by different (non-symbolic) methods in far more general settings by Paulin, Pollicott and Schapira [PPS] . The strength of our approach is perhaps better appreciated in our regularity results for the pressure (sub-section 6.2). Note that the techniques in [PPS] do not provide these type of results. We say that the pressure function t Þ Ñ P ptf q has a phase transition at t " t 0 if it is not analytic at that point. It readily follows from work by Bowen and Ruelle [BR] that the pressure for Axiom A flows and regular potentials is real analytic and hence has no phase transitions. Regularity properties of the pressure of geodesic flows defined on non-compact manifolds, as far as we know, have not been studied, with the exception of the geodesic flow defined on the modular surface (see [IJ, Section 6] ).
There is a general strategy used to study regularity properties of the pressure of maps and flows with strong hyperbolic or expanding properties in most of the phase space but not in all of it. Indeed, if there exists a subset of the phase space B Ă X for which the restricted dynamics is not expansive and its entropy equal to A, then it is possible to construct potentials f : X Ñ R for which the pressure function has the form (1) P ptf q :" # real analytic, strictly decreasing and convex if t ă t 1 ;
Well known examples of this phenomena include the Manneville-Pomeau map (see for example [Sa2] ) in which the set B consist of a parabolic fixed point and therefore A " 0. The potential considered is the geometrical one:´log |T 1 |. Similar results for multimodal maps have been obtained, for example, in [DT, IT1, PR] . In this case the set B corresponds to the post-critical set and A " 0. Examples of maps in which A ą 0 have been studied in [DGR, IT2] . For suspension flows over countable Markov shifts, similar examples were obtained in [IJ] . However, in that case the number A, which we denote by s 8 , remained unexplained for. In this paper we show that the entropy at infinity of a suspension flow over a countable Markov shift corresponds to s 8 (see Corollary 3.8).
In the case of geodesic flows, roughly speaking we are considering the set B as the union of the cusps of the manifold. More interestingly, as we mentioned before we are able to compute the entropy contributions of the cusps in the geodesic flow. In sub-section 6.2 we construct a class of potentials, that we denote by F , for which the pressure exhibits similar behaviour as in equation (1). In those examples A " δ p,max . Note that it is possible for t 1 to be infinity and in that case the pressure is real analytic. The following is the precise statement, Theorem 1.3. Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be an extended Schottky group of isometries of X with property p‹q. Assume that the derivatives of the sectional curvature are uniformly bounded. If f P F , then
(1) For every t P R we have that P g ptf q ě δ p,max .
(2) We have that lim tÑ´8 P g ptf q " δ p,max . (3) Let t 1 :" suptt P R : P g ptf q " δ p,max u, then
real analytic, strictly convex, strictly increasing if t ą t 1 .
(4) If t ą t 1 , the potential tf has a unique equilibrium measure. If t ă t 1 it has no equilibrium measure.
In order to prove this result we need to relate symbolic quantities with geometrical ones. This is achieved in Theorem 4.12 in which a symbolic parameter of the suspension flow, the number s 8 , is proven to be equal to the geometric parameter of the group δ p,max . We stress that when coding a flow a great deal of geometric information is lost. With this result we are able to recover part of it.
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Preliminaries on thermodynamic formalism and suspension flows
This section is devoted to provide the necessary background on thermodynamic formalism and on suspension flows required on the rest of the article.
2.1. Thermodynamic formalism for countable Markov shifts. Let M be an incidence matrix defined on the alphabet of natural numbers. The associated one sided countable Markov shift pΣ`, σq is the set Σ`:" tpx n q nPN : M px n , x n`1 q " 1 for every n P Nu , together with the shift map σ : Σ`Ñ Σ`defined by σpx 1 , x 2 , . . . q " px 2 , x 3 , . . . q. A standing assumption we will make throughout the article is that pΣ`, σq is topologically mixing. We equip Σ`with the topology generated by the cylinder sets
We stress that, in general, Σ`is a non-compact space. Given a function ϕ : Σ`Ñ R we define the n´th variations of ϕ by V n pϕq :" supt|ϕpxq´ϕpyq| : x, y P Σ`, x i " y i for i " 1, . . . , nu, where x " px 1 x 2¨¨¨q and y " py 1 y 2¨¨¨q . We say that ϕ has summable variation if ř 8 n"1 V n pϕq ă 8. We say that ϕ is locally Hölder if there exists θ P p0, 1q such that for all n ě 1, we have V n pϕq ď Opθ n q. This section is devoted to recall some of the notions and results of thermodynamic formalism in this setting. The following definition was introduced by Sarig [Sa1] based on work by Gurevich [Gu] .
Definition 2.1. Let ϕ : Σ`Ñ R be a function of summable variation. The Gurevich pressure of ϕ is defined by
where χ Ci 1 pxq is the characteristic function of the cylinder
It is possible to show (see [Sa1, Theorem 1] ) that the limit always exists and that it does not depend on i 1 . The following two properties of the pressure will be relevant for our purposes (see [Sa1, Theorems 2 and 3] and [IJT, Theorem 2.10] ). If ϕ : Σ`Ñ R is a function of summable variations, then
(1) (Approximation property)
where P K pϕq is the classical topological pressure on K (see [Wa, Chapter 9] ) and K :" tK Ă Σ`: K ‰ H compact and σ-invariantu.
(2) (Variational Principle) Denote by M σ is the space of σ´invariant probability measures and by h µ pσq the entropy of the measure µ (see [Wa, Chapter 4] ). If ϕ : Σ`Ñ R is a function of summable variation then,
A measure µ P M σ attaining the supremum, that is, P σ pϕq " h µ pσq`ş ϕdµ is called equilibrium measure for ϕ. A potential of summable variations has at most one equilibrium measure (see [BuS, Theorem 1.1] ). It turns out that under a combinatorial assumption on the incidence matrix M , which roughly means to be similar to a full-shift, the thermodynamic formalism is well behaved. Definition 2.2. We say that a countable Markov shift pΣ`, σq, defined by the transition matrix M pi, jq with pi, jq P NˆN, satisfies the BIP (Big Images and Preimages) condition if and only if there exists tb 1 , . . . , b n u Ă N such that for every a P N there exists i, j P N with M pb i , aqM pa, b j q " 1.
The following theorem summarises results proven by Sarig in [Sa1, Sa2] and by Mauldin and Urbański, [MU] , where they show that thermodynamic formalism in this setting is similar to that observed for sub-shifts of finite type on finite alphabets. Theorem 2.3. Let pΣ`, σq be a countable Markov shift satisfying the BIP condition and ϕ : Σ`Ñ R a non-positive locally Hölder potential. Then, there exists s 8 ą 0 such that pressure function t Ñ P σ ptϕq has the following properties
Moreover, if t ą s 8 , there exists a unique equilibrium measure for tϕ.
2.2. Suspension flows. Let pΣ`, σq be a topologically mixing countable Markov shift and τ : Σ`Ñ R`a function of summable variations bounded away from zero. Consider the space (2) Y " tpx, tq P Σ`ˆR : 0 ď t ď τ pxqu, with the points px, τ pxqq and pσpxq, 0q identified for each x P Σ`. The suspension semi-flow over σ with roof function τ is the semi-flow Φ " pϕ t q tě0 on Y defined by ϕ t px, sq " px, s`tq whenever s`t P r0, τ pxqs.
In particular, ϕ τ pxq px, 0q " pσpxq, 0q.
2.3. Invariant measures. Let pY, Φq be a suspension semi-flow defined over a countable Markov shift pΣ`, σq with roof function τ : Σ`Ñ R`bounded away from zero. Denote by M Φ the space of invariant probability measures for the flow. It follows form a classical result by Ambrose and Kakutani [AK] that every measure ν P M Φ can be written as
where µ P M σ and m denotes the one dimensional Lebesgue measure. When pΣ`, σq is a sub-shift of finite type defined on a finite alphabet the relation in equation (3) is actually a bijection between M σ and M Φ . If pΣ`, σq is a countable Markov shift with roof function bounded away from zero the map defined by
is surjective. However, it can happen that pµˆmqpY q " 8. In this case the image can be understood as an infinite invariant measure. The case which is more subtle is when the roof function is only assumed to be positive. We will not be interested in that case here, but we refer to [IJT] for a discussion on the pathologies that might occur.
2.4. Of flows and semi-flows. In 1972 Sinai [Si, Section 3] observed that in order to study thermodynamic formalism for suspension flows it suffices to study thermodynamic formalism for semi-flows. Denote by pΣ, σq a two-sided countable Markov shift. Recall that two continuous functions ϕ, γ P CpΣq are said to be cohomologous if there exists a bounded continuous function ψ P CpΣq such that ϕ " γ`ψ˝σ´ψ. The relevant remark is that thermodynamic formalism for two cohomologous functions is exactly the same. Thus, if every continuous function ϕ P CpΣq is cohomologous to a continuous function γ P CpΣq which only depends in future coordinates then thermodynamic formalism for the flow can be studied in the corresponding semi-flow. The next result formalises this discussion.
Proposition 2.4. If ϕ P CpΣq has summable variation, then there exists γ P CpΣq of summable variation cohomologous to ϕ such that γpxq " γpyq whenever x i " y i for all i ě 0 (that is, γ depends only on the future coordinates).
Proposition 2.4 has been proved with different regularity assumptions in the compact setting and in the non-compact case in [Da, Theorem 7 .1].
2.5. Abramov and Kac. The entropy of a flow with respect to an invariant measure can be defined as the entropy of the corresponding time one map. The following result was proved by Abramov [Ab] .
Proposition 2.5 (Abramov). Let ν P M Φ be such that ν " pµˆmq| Y {pµˆmqpY q, where µ P M σ then the entropy of ν with respect to the flow, that we denote h ν pΦq, satisfies
In Proposition 2.5 a relation between the entropy of a measure for the flow and a corresponding measure for the base dynamics was established. We now prove a relation between the integral of a function on the flow with the integral of a related function on the base. Let f : Y Ñ R be a continuous function. Define
Proposition 2.6 (Kac's Lemma). Let f : Y Ñ R be a continuous function and ν P M Φ an invariant measure that can be written as
Propositions 2.5 and 2.6 together with the relation between the spaces of invariant measures for the flow and for the shift established by Ambrose and Kakutani (see subsection 2.3) allow us to study thermodynamic formalism for the flow by means of the corresponding one on the base.
2.6. Thermodynamic formalism for suspension flows. Let pΣ`, σq be a topologically mixing countable Markov shift and τ : Σ`Ñ R a positive function bounded away from zero of summable variations. Denote by pY, Φq the suspension semi-flow over pΣ`, σq with roof function τ . Thermodynamic formalism has been studied in this context by several people with different degrees of generality: Savchenko [Sav] , Barreira and Iommi [BI] , Kempton [Ke] and Jaerisch, Kesseböhmer and Lamei [JKL] . Thermodynamic formalism for suspension flows where the base pΣ`, σq is a sub-shift of finite type defined on a finite alphabet has been studied, for example, in [BR, PP] . The next result provides equivalent definitions for the pressure, P Φ p¨q, on the flow. 
where KpΦq denotes the space of compact Φ´invariant sets.
In particular, the topological entropy of the flow is the unique number h top pΦq satisfying (5) h top pΦq " inftt P R : P p´tτ q ď 0u.
Note that in this setting the Variational Principle also holds (see [BI, JKL, Ke, Sav] ).
A measure ν P M Φ is called an equilibrium measure for f if
It was proved in [IJT, Theorem 3.5] that potentials f for which ∆ f is locally Hölder have at most one equilibrium measure. Moreover, the following result (see [BI, Theorem 4] ) characterises functions having equilibrium measures.
Theorem 2.9. Let f : Y Ñ R be a continuous function such that ∆ f is of summable variations. Then there is an equilibrium measure ν f P M Φ for f if and only if we have that P σ p∆ f´PΦ pf qτ q " 0 and there exists an equilibrium measure µ f P M σ for ∆ f´PΦ pf qτ such that ş τ dµ f ă 8.
Remark 2.10. We stress that the situation is more complicated when τ is not assumed to be bounded away from zero. For results in that setting see [IJT] .
Entropy and escape of mass
Over the last few years there has been interest, partially motivated for its connections with number theory, in studying the relation between entropy and the escape of mass of sequences of invariant measures for diagonal flows on homogenous spaces (see [EKP, ELMV, KLKM] ). Some remarkable results have been obtained bounding the amount of mass that an invariant measure can give to an unbounded part of the domain (a cusp) in terms of the entropy of the measure (see for example [EKP, Theorem A] or [KLKM, Theorem 1.3] ). The purpose of this section is to prove similar results in the context of suspension flows defined over countable Markov shifts. As we will see, the proofs in this setting suggest a geometrical interpretation that we pursue in section 5.
Let pΣ`, σq be a topologically mixing countable Markov shift of infinite topological entropy and τ : Σ`Ñ R`a potential of summable variations bounded away from zero. Denote by pY, Φq the associated suspension flow, which we assume to have finite topological entropy. Note that since pΣ`, σq has infinite entropy and τ is non-negative, the entropy h top pΦq of the flow satisfies P σ p´hpΦqτ q ď 0 (see equation (5)). Therefore, there exists a real number s 8 P p0, h top pΦqs such that
As it turns out the number s 8 will play a crucial role in our work. For geodesic flows defined in non-compact manifolds there are vectors that escape through the cusps, they do not exhibit any recurrence property. That phenomena is impossible in the symbolic setting, every point will return to the base after some time. The following definition describes the set of points that escape on average (compare with an analogous definition given in [KLKM] ).
Definition 3.1. We say that a point px, tq P Y escapes on average if
We denote the set of all points which escape on average by E A pτ q.
Remark 3.2. Note that if ν P M Φ is ergodic and ν " pµˆmq{pµˆmqpY q with µ P M σ then Birkhoff 's theorem implies that
Thus, no measure in M Φ is supported on E A pτ q. We can, however, describe the dynamics of the set E A pτ q studying sequences of measures ν n P M Φ such that the associated measures µ n P M σ satisfy lim nÑ8 ż τ dµ n " 8.
In our first result we show that a measure of sufficiently large entropy can not give too much weight to the set of points for which the return time to the base is very high. More precisely, Theorem 3.3. Let c P ps 8 , h top pΦqq. There exists a constant C ą 0 such that for every ν P M Φ with h ν pΦq ě c, we have that ż τ dµ ď C.
Proof. Let ν P M Φ with h ν pΦq " c and let µ P M σ be the invariant measure satisfying ν " pµˆmq{ppµˆmqpY qq. By the Abramov formula we have
We will consider the straight line Lptq :" h µ pσq´t ş τ dµ. Note that Lpcq " 0 and Lp0q " h µ pσq. Let s P ps 8 , cq. Note that P σ p´sτ q ă 8 and by the variational principle Lpsq ď P σ p´sτ q. This remark readily implies a bound on the slope of Lptq. Indeed, ż τ dµ ď P σ p´sτ q c´s .
Thus the constant C " P σ p´sτ q{pc´sq satisfies the theorem. In order to obtain the best possible constant we have to compute the infimum of the function defined for s P ps 8 , cq by s Þ Ñ P σ p´sτ q c´s .
Remark 3.4. We stress that the constant C in Theorem 3.3 depends only on the entropy bound c and not on the measure ν.
Remark 3.5. An implicit assumption in Theorem 3.3 is that s 8 ă h top pΦq. In Section 4 we will see that in the geometrical context of geodesic flows this assumption has a very natural interpretation. Indeed, it will be shown to be equivalent to the parabolic gap property (see [DP, Section III] or Definition 4.13 for precise definitions).
Corollary 3.6. If pΣ`, σq is a Markov shift defined countable alphabet satisfying the BIP condition then the best possible constant C P R in Theorem 3.3 is given by
where s m P R is such that the equilibrium measure µ sm for´s m τ satisfies
Proof. Since the system satisfies BIP condition the function P σ p´sτ q, when finite, is differentiable (see Theorem 2.3). Moreover, its derivative is given by (see [Sa3, Theorem 6 .5]), d ds P σ p´sτ qˇˇs
where µ sm is the (unique) equilibrium measure for´s m τ . The critical points of the function s Þ Ñ Pσ p´sτ q c´s are those which satisfy
Therefore, equation (6) is equivalent to
In the next Theorem we prove that the entropy of the flow on E A pτ q is bounded above by s 8 and that, under some additional assumptions, it is actually equal to it. This result could be thought of as a symbolic estimation for the entropy of a flow in a cusp. Theorem 3.7 is a refined version of a result first observed in [FJLR, Lemma 2.5] and used in the context of suspension flows in [IJ] .
Theorem 3.7. Let pν n q n P M Φ be an sequence of invariant probability measure for the flow of the form
Moreover, if s 8 ă h top pΦq, then there exists a sequence pν n q n P M Φ such that lim nÑ8 ş τ dµ n " 8 and lim nÑ8 h νn pΦq " s 8 .
Proof. Observe that the first claim is a direct consequence of Theorem 3.3. Let us construct now a sequence pν n q n P M Φ with lim nÑ8 ş τ dµ n " 8 such that lim nÑ8 h νn pΦq " s 8 . First note that it is a consequence of the approximation property of the pressure, that there exists a sequence of compact invariant sets pK N q N Ă Σ such that lim N Ñ8 P KN p´tτ q " P σ p´tτ q. In particular, for every n P N we have that (7) lim
For the same reason, for any n P N and N P N we have that (8) P KN p´ps 8`1 {nq τ q ď P σ p´ps 8`1 {nq τ q ă 8.
Thus, given n P N there exists N P N such that
Since the function t Þ Ñ P KN p´tτ q is real analytic, by the mean value theorem there exists t n P rs 8´1 {n, s 8`1 {ns, such that P 1 KN p´t n τ q ą n 2 . Denote by µ n the equilibrium measure for´t n τ in K N . We have that
In particular the sequence pµ n q n satisfies lim nÑ8 ż τ dµ n " 8.
Since s 8 ă h top pΦq we have that for n P N large enough
In particular
Since t n P ps 8´1 {n, s 8`1 {nq we have that
But we already proved that the limit can not be larger than s 8 , thus the result follows.
Corollary 3.8. If s 8 ă h top pΦq, then the entropy at infinity h 8 pY, Φq of the suspension flow satisfies
Proof. Let pν n q be a sequence of Φ-invariant probability measures such that ν n á 0. Since
the only way to have ş f dν n Ñ 0 for every continuous function f P C 0 pY q with compact support, is that
Hence, Theorem 3.7 implies that lim sup nÑ8 h νn pΦq ď s 8 . On the other hand, Theorem 3.7 also says that there exists a sequence pν n q of Φ-invariant probability measures such that lim nÑ8 ş τ dµ n " 8 and
, we have that ν n á 0, and the conclusion follows.
The geodesic flow on Extended Schottky Groups
4.1. Some preliminaries in negative curvature. Let X be a Hadamard manifold with pinched negative sectional curvature, that is a complete simply connected Riemannian manifold whose sectional curvature K satisfies´b 2 ď K ď´1 (for some fixed b ě 1). Denote by BX the boundary at infinity of X. Finally, denote by d the Riemannian distance on X. A crucial object on the study of the dynamics of the geodesic flow is the Busemann function. Let ξ P BX and x, y P X. For every geodesic ray t Þ Ñ ξ t pointing to ξ, the limit B ξ px, yq :" lim tÑ8 rdpx, ξ t q´dpy, ξ t qs, always exists, and is independent of the geodesic ray ξ t since X has negative sectional curvature. The Busemann function B : BXˆX 2 Ñ R is the continuous function defined as Bpξ, x, yq Þ Ñ B ξ px, yq. An (open) horoball based in ξ and passing through x is the set of y P X such that B ξ px, yq ą 0. In the hyperbolic case, when X " D, an open horoball based in ξ P S 1 and passing trough x P D is the interior of an euclidean circle containing x and tangent to S 1 at ξ. Recall that every isometry of X can be extended to a homeomorphism of X YBX. A very important property of the Busemann function is the following. If ϕ : X Ñ X is an isometry of X, then for every x, y P X, we have (10) B ϕξ pϕx, ϕyq " B ξ px, yq.
Let o P X be a reference point, which is often called the origin of X. The unit tangent bundle T 1 X of X can be identified with B 2 XˆR, where B 2 X " pBXˆBXqzdiagonal, via Hopf's coordinates. A vector v P T 1 X is identified with pv´, v`, B v`p o, πpvqqq, where v´(resp. v`) is the negative (resp. positive) endpoint of the geodesic defined by v. Here π : T 1 X Ñ X is the natural projection of a vector to its base point. Observe that the geodesic flow pg t q : T 1 X Ñ T 1 X acts by translation in the third coordinate of this identification.
Another crucial object in this setting is the Poincaré series. It is intimately related to the topological entropy of the geodesic flow.
Definition 4.1. Let Γ be a discrete subgroup of isometries of X and let x P X. The Poincaré series P Γ ps, xq associated with Γ is defined by
The critical exponent δ Γ of Γ is δ Γ :" inf ts P R : P Γ ps, xq ă 8u .
The group Γ is said to be of divergence type (resp. convergence type) if P Γ pδ Γ , xq " 8 (resp. P Γ pδ Γ , xq ă 8).
Remark 4.2. As the sectional curvature of X is bounded from below, the critical exponent is finite. Moreover, by the triangle inequality, it is independent of x P X.
The isometries of X are categorized in three types. Those fixing an unique point in X called elliptic isometries. Those fixing an unique point in BX called parabolic isometries. And finally, those fixing uniquely two points in BX called hyperbolic isometries. For g a non-elliptic isometry of X, denote by δ g the critical exponent of the group ă g ą. If g is hyperbolic it is fairly straightforward to see that δ g " 0 and that the group ă g ą is of divergence type. If g is parabolic, it was shown in [DP, Theorem III.1] , that δ g ě 1 2 . Let Γ be a discrete subgroup of isometries of X. Denote by Λ the limit set of Γ, that is, the set Λ " Γ¨ozΓ¨o. The group Γ is non-elementary if Λ contains infinitely many elements. We recall the following fact proved in [DOP, Proposition 2] .
Theorem 4.3. Let Γ be a non-elementary discrete subgroup of isometries of a Hadamard manifold X. If G is a divergence type subgroup of Γ and its limit set is strictly contained in the limit set of Γ, then δ Γ ą δ G .
In particular, if Γ is a non-elementary discrete group of isometries and there is an element g P Γ such that ă g ą is of divergence type, then δ Γ ą δ ăgą (see also [DP, Theorem III.1] ). Note that a non-elementary group always contains a hyperbolic isometry (in fact, infinitely many non-conjugate of them), hence a non-elementary group Γ always satisfies δ Γ ą 0.
We end this subsection giving an important relation between the topological entropy of the geodesic flow and the critical exponent of a group. Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be a nonelementary free-torsion discrete subgroup of isometries of X. Denote by pg t q : T 1 X{Γ Ñ T 1 X{Γ the geodesic flow on the unit tangent bundle of the quotient manifold X{Γ. Otal and Peigné [OP, Theorem 1] proved that, if the derivatives of the sectional curvature are uniformly bounded, then the topological entropy h top pgq of the geodesic flow equals the critical exponent of the Poincaré series of the group Γ, that is
We stress the fact that the assumption on the derivatives of the sectional curvature is crucial in order to compute the topological entropy of the geodesic flow. This assumption implies the Hölder regularity of the strong unstable and stable foliations (see for instance [PPS, Theorem 7.3] ), which is used in the proof of [OP, Theorem 1] .
4.2. The symbolic model for extended Schottky groups. In this section we recall the definition of an extended Schottky group. To the best of our knowledge this definition has been introduced in 1998 by Dal'bo and Peigné [DP] . The basic idea is to extend the classical notion of Schottky groups to the context of manifolds where the non-wandering set of the geodesic flow is non-compact. Let X be a Hadamard manifold as in subsection 4.1. Let N 1 , N 2 be non-negative integers such that N 1`N2 ě 2 and N 2 ě 1. Consider N 1 hyperbolic isometries h 1 , ..., h N1 and N 2 parabolic ones p 1 , ..., p N2 satisfying the following conditions: (C1) For 1 ď i ď N 1 there exist in BX a compact neighbourhood C hi of the attracting point ξ hi of h i and a compact neighbourhood C h´1 i of the repelling point ξ hì of h i , such that
(C2) For 1 ď i ď N 2 there exists in BX a compact neighbourhood C pi of the unique fixed point ξ pi of p i , such that
(C3) The 2N 1`N2 neighbourhoods introduced in p1q and p2q are pairwise disjoint. (C4) The elementary parabolic groups ă p i ą, for 1 ď i ď N 2 , are of divergence type.
The group Γ "ă h 1 , ..., h N1 , p 1 , ..., p N2 ą is a non-elementary free group which acts properly discontinuously and freely on X (see [DP, Corollary II.2] ). Such a group Γ is called an extended Schottky group. Note that if N 2 " 0, that is the group Γ only contains hyperbolic elements, then Γ is a classical Schottky group and its geometric and dynamical properties are well understood. Indeed, in that case, the non-wandering set Ω Ă T 1 X{Γ of the geodesic flow is compact, which implies that pg t q| Ω is an Axiom A flow. If N 2 ě 1, then X{Γ is a non-compact manifold and Ω is a non-compact subset of T 1 X{Γ. Figure 1 below is an example of a Schottky group acting on the hyperbolic disk D. It has two generators, one hyperbolic and the other parabolic.
We now define an extra hypothesis that we will use in large parts of this paper.
(C5) Let a 1 , a 2 P A˘be such that a 1 ‰ a˘1 2 . Then, there exists a point o P X such that for every ξ P C a1 , we have
In other words, we will assume that every horoball based in C a1 and passing through a˘1 2 o contains the origin in his interior (see for instance Figure 2 ). This condition is not very restrictive as we will see in Proposition 4.5. For a P A˘denote by U a the convex hull in X Y BX of the set C a .
Lemma 4.4. Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be an extended Schottky group. Fix o P X. Then, there exists an universal constant C ą 0 (depending only on the generators of Γ and the fixed point o) such that for every a 1 , a 2 P A˘satisfying a 1 ‰ a˘1 2 , and for every x P U a1 and y P U a2 , we have (12) dpx, yq ě dpx, oq`dpy, oq´C.
Proof. Since C a1 and C a2 are disjoint, for every a 1 , a 2 P A˘satisfying a 1 ‰ a˘1 2 , the same happens for the sets U a1 and U a2 . Let x P U a1 and y P U a2 . The geodesic segments ro, xs and ro, ys form an angle uniformly bounded below, hence dpx, yq ě dpx, oq`dpy, oq´C for an universal constant C ą 0.
Proposition 4.5. Let X be a Hadamard manifold with pinched negative sectional curvature and Γ "ă h 1 , ..., h N1 , p 1 , ..., p N2 ą an extended Schottky group. Then, for every o P X there exists an integer N ě 1 such that the group defined by ă h
ą satisfies the Condition (C5). Proof. Let a 1 , a 2 P A˘and ξ P C a1 . Denote by U a n 2 the convex hull in X Y BX of the set C a n 2 , for n ě 1. Let z n P U a n 2 be such that B ξ pz n , oq attains its minimum. Since B is a continuous function and C a1 is a compact set, it is sufficient to prove that B ξ pz n , oq ą 0 for all n large enough. Consider pξ t q " ro, ξ t q the geodesic ray starting in o and pointing to ξ. Observe that there exists T ą 0 such that for every t ě T , we have that ξ t belongs to U a1 . Since C a1 and C a2 are disjoint, by Lemma 4.4 there exists a universal constant C ą 0 such that dpz n , ξ t q ě dpξ t , oq`dpz n , oq´C, for every t ě T . Therefore, B ξ pz n , oq " lim tÑ`8 dpz n , ξ t q´dpξ t , oq ě lim tÑ`8 dpξ t , oq`dpz n , oq´C´dpξ t , oq " dpz n , oq´C.
Since dpz n , oq Ñ 8 as n Ñ 8, there exists a N ě 1 such that dpz n , oq ą C for every n ě N . In particular, we have B ξ pz n , oq ą 0 for every n ě N and the conclusion follows.
In [DP] the authors proved that there exists a pg t q-invariant subset Ω 0 of T 1 X{Γ, contained in the non-wandering set of pg t q, such that pg t q| Ω0 is topologically conjugated to a suspension flow over a countable Markov shift pΣ, σq. The Theorem below summarizes their construction together with some dynamical properties.
Theorem 4.6. Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be an extended Schottky group. Suppose that Γ satisfies Condition (C5). Then, there exists a pg t q-invariant subset Ω 0 of T 1 X{Γ, a countable Markov shift pΣ, σq and a function τ : Σ Ñ R, such that
(1) the function τ is locally Hölder and is bounded away from zero, (2) the geodesic flow pg t q| Ω0 over Ω 0 is topologically conjugated to the suspension flow over Σ with roof function τ , (3) the Markov shift pΣ, σq satisfies the BIP condition, (4) if N 1`N2 ě 3, then pΣ, σq is topologically mixing.
Proof. Let A " th 1 , ..., h N1 , p 1 , ..., p N2 u and consider the symbolic space Σ defined by Σ " tpa mi i q iPZ : a i P A, m i P Z and a i`1 ‰ a i @i P Zu. Note that the space Σ is a sequence space defined on the countable alphabet ta m i : a i P A, m P Zu. Let Λ 0 be the limit set Λ minus the Γ-orbit of the fixed points of the elements of A. We denote byΩ 0 the set of vectors in T 1 X identified with pΛ 0ˆΛ0 zdiagonalqˆR via Hopf's coordinates. Finally, define Ω 0 :"Ω 0 {Γ, where the action of Γ is given by γ¨pξ´, ξ`, sq " pγpξ´q, γpξ`q, s´B ξ`p o, γ´10qq.
Observe that Ω 0 is invariant by the geodesic flow.
Fix now ξ 0 P BXz Ť aPA C a˘, where C a˘" C a Y C a´1 . Dal'bo and Peigné [DP, Property II.5 ] established the following coding property: for every ξ P Λ 0 there exists an unique sequence ωpξq " pa
is the first term of the sequence ωpξ`q, definẽ τ pξ`q " B ξ`p o, a m oq and T pξ´, ξ`q " pa´mξ´, a´mξ`q. Define T τ by the formula T τ pξ´, ξ`, sq " pT pξ´, ξ`q, s´τ pξ`qq.
Observe that T τ maps B 2 Λ 0ˆR to itself. The set Ω 0 can be identified with the quotient B 2 Λ 0ˆR { ă T τ ą. In order to prove this claim, we first proceed to explain how T τ gives a suspension flow.
Let pξ´, ξ`q P B 2 Λ 0 . Suppose that ωpξ`q " pa mi i q and let γ n be the element of Γ defined as γ n " a 
Condition (C5) implies that the first return time of every v 0 o,ξ´,ξ`P S is given byτ pξ`q (which is the distance between the horospheres based in ξ`and passing through o and γ 1 o). Moreover, gτ pξ`q pv 0 o,ξ´,ξ`q " v 1 o,ξ´,ξ`( see Figure 3) . o,ξ´,ξ`P S is given bỹ τ pγ´1 n ξ`q and
Note that for every vector v P Ω 0 there exists a time t P R such that g t v belongs to S (otherwise, a lift of v to T 1 M would have its positive endpoint v`in the Γ-orbit of a fixed point of an element in A). This fact give us the identification.
The coding property implies that the set B 2 Λ 0 is identified with Σ by considering pξ´, ξ`q as a bilateral sequence pω˚pξ´q, ωpξ`qq. If ωpξ´q " pb ni i q iě1 , we define ω˚pξ´q as the sequence p..., b´n 2 2 , b´n 1 1 q, then pω˚pξ´q, ωpξ`qq represent the concatenated sequence. Let Σ`be the one sided symbolic space obtained from Σ by forgetting the negative time coordinates. We define the function τ : Σ`Ñ R as τ pxq " τ pω´1pxqq " B ω´1pxq po, a m oq, where w : Λ 0 Ñ Σ is the coding function and a m the first symbol in w´1pxq. We extend τ to Σ by making it independent of the negative time coordinates. We therefore have, that the geodesic flow pg t q on Ω 0 can be coded as the suspension flow on Y " tpx, tq P ΣˆR : 0 ď t ď τ pxqu{ ". This implies (2) in the conclusion of Theorem 4.6. Property (1) follows from Lemma 4.7 below.
Lemma 4.7. Under the hypothesis of Theorem 4.6, the function τ : Σ Ñ R depends only on future coordinates, it is locally Hölder and it is bounded away from zero.
Proof. The fact that it depends on the future is by definition and the regularity property was established in [DP, Lemma VII.] . Let x P Σ`and ξ " ω´1pxq the point in Λ 0 associated to x by the coding property. The function τ satisfies τ pxq " B ξ po, a m oq " B a´mξ pa´mo, oq.
The last term above is greater than 0 by Condition (C5). Indeed, note that a´mξ " ω´1pσxq R C a˘a nd a´mo is contained in the convex-hull of C a˘i n XˆBX, hence Condition (C5) applies directly. Since the domains C a , for a P A˘, are compact and B is continuous, there exists an uniform strictly positive lower bound for B a´mξ pa´mo, oq. Thus τ is bounded away from zero.
Lemma 4.8. Under the hypothesis of Theorem 4.6 the countable Markov shift pΣ, σq satisfies the BIP condition. Moreover, if N 1`N2 ě 3, then the countable Markov shift pΣ, σq is topologically mixing.
Proof. It is not hard to see that the set A satisfies the required conditions in order for pΣ, σq to be BIP (see definition 2.2). Suppose now that N 1`N2 ě 3. Recall that the Markov shift pΣ, σq is topologically mixing if for every a, b P ta m i : a i P A, m P Zu there exists N pa, bq P N such that for every n ą N pa, bq there exists an admissible word of length n of the form ai 1 i 2 . . . i n´1 b. The set of allowable sequences is given by tpa mi i q iPZ : a i P A, m i P Z and a i`1 ‰ a i @i P Nu. Since N 1`N2 ě 3 then given any pair of symbols in ta , a m1 1 a 3 a 1 a 3 a 1 . . . a 3 a m2 2 . Thus, the system is topologically mixing.
Since Lemma 4.8 above shows the points (3) and (4), we have concluded the proof of Theorem 4.6.
Remark 4.9. Under the conditions pC5q and N 1`N2 ě 3 we have proved that pΣ, σq is a topologically mixing countable Markov shift satisfying the BIP condition (Lemma 4.8) and that the roof function τ is locally Hölder and bounded away from zero (Lemma 4.7). Therefore, the associated suspension semi-flow pY, Φq can be studied with the techniques presented in Section 2.
So far we have proved that the geodesic flow restricted to the set Ω 0 can be coded by a suspension flow over a countable Markov shift. We now describe, from the ergodic point of view, the geodesic flow in the complement`T 1 X{Γ˘zΩ 0 of Ω 0 . We denote by M Ω0 the space of pg t q-invariant probability measures supported in the set where we have coding, in other words in B 2 Λ 0ˆR { ă T τ ą. We describe the difference between the space M Ω0 and the space M g of all pg t q-invariant probability measures. Recall that in Γ there are hyperbolic isometries h 1 , ..., h N1 , each of which fixes a pair of points in BX. The geodesic connecting the fixed points of h i will descend to a closed geodesic in the quotient by Γ. We denote ν hi the probability measure equidistributed along such a geodesic.
Proposition 4.10. The set of ergodic measures in M g zM Ω0 is finite, those are exactly the set tν hi : 1 ď i ď N 1 u. Moreover, for every ν P M g zM Ω0 we have h ν pgq " 0.
Proof. Let ν P M g zM Ω0 be an ergodic measure. Take v a generic vector for ν. Since a generic vector is recurrent, the orbit g t v does not goes to infinity, therefore v`is not parabolic. Now consider the case when v points toward a hyperbolic fixed point z. Let γ : R Ñ X be a geodesic flowing at positive time to z with initial condition γ 1 p0q " v and let γ i be the geodesic connecting z with the associated hyperbolic fixed point. By reparametrization we can assume γ i p`8q " z and that γ i p0q lies in the same horosphere centered at z than v. By estimates in [HI] we have dpγ i ptq, γptqq Ñ 0 exponentially fast (here d stands for hyperbolic distance, actually in [HI] the stronger exponential decay in the horospherical distance is obtained). Since the vectors along the geodesics are perpendicular to the horospheres centered at z we have the desired geometric convergence in T X. Observe γ i descends to a periodic orbit in T X{Γ. This gives the convergence of γ to the periodic orbit and Birkhoff ergodic theorem gives that the measure generated by such a geodesic is exactly one of ν hi . The fact that h ν pgq " 0 for every ν P M g zM Ω0 is a classical result for measures supported on periodic orbits.
We end up this section with a definition that includes the standing assumptions on the Schottky groups considered in most of our statements. The important point is that we will be in position to use Lemma 4.7, Lemma 4.8 and Theorem 4.12 below.
Definition 4.11. We say a extended Schottky group Γ satisfies property p‹q if conditions (C5) and N 1`N2 ě 3 hold.
4.3. Geometric meaning of s 8 . One of our main technical results is the following. Let τ be the roof function constructed in sub-section 4.2. In the next Theorem we give a geometrical characterisation of the value s 8 defined as the unique real number satisfying
One of the key ingredients in this paper, and the important result of this section, is the relation between s 8 and the largest parabolic critical exponent. This relation will allow us to translate several results at the symbolic level into the geometrical one.
Theorem 4.12. Let Γ be an extended Schottky group with property p‹q. Let pΣ, σq and τ : Σ Ñ R be the base space and the roof function of the symbolic representation of the geodesic flow pg t q on Ω 0 . Then s 8 " maxtδ pi , 1 ď i ď N 2 u.
Proof. We first show that s 8 ď maxtδ pi , 1 ď i ď N 2 u.
dpo, x i`1 oqŢ he last inequality follows from dpx, yq ě B ξ px, yq. By removing words having h m 1 (some m) in more places than just the first coordinate, we conclude that the argument of the function log in the limit above is greater than where pAzh 1 q n represent the set of admissible words of length n for the code, i.e. c i ‰ c˘1 i`1 . Let k ě 1. For all 0 ď j ď k´1 and 1 ď i ď N 1`N2´1 , define
Consider n`1 " kpN 1`N2´1 q. By restricting the above sum to words with c i " b i for every i " 1, ..., n, we can continue the sequence of inequalities above to get
where the right-hand side is equal to
By definition of the b i 's, the last term is equal tõ
Hence, it follows that
In particular, if t ă maxtδ pi , 1 ď i ď N 2 u then P σ p´tτ q "`8. This shows that s 8 ě maxtδ pi , 1 ď i ď N 2 u.
We prove now the other inequality. Let pξ i t q be the geodesic ray ro, ω´1pσ i`1 xqq. Using (12), we have
Thus, expp´tτ pσ i xqq ď expptCq expp´tdpo, x i oqq. In particular, the pressure P σ p´tτ q is finite for every t ą maxtδ pi , 1 ď i ď N 2 u.
Denote by δ p,max :" maxtδ pi , 1 ď i ď N 2 u. The simplest example to consider is a real hyperbolic space X. In this case δ ăpią " 1{2 for any i P t1, ..., N 2 u. In particular δ p,max " 1{2. More generally, if we replace hyperbolic space by a manifold of constant negative curvature equal to´b 2 then δ ăpą " b{2. In the case of non-constant curvature some bounds are known, indeed if the curvature is bounded above by´a 2 then δ ăpą ě a{2 (see [DOP] ). Recall that at a symbolic level we have h top pΦq " inf tt : P σ p´tτ q ď 0u. In particular, if the derivatives of the sectional curvature are uniformly bounded, then Theorem 4.6, Proposition 4.10 and equality (11) imply (13) h top pgq " δ Γ " h top pΦq.
The existence of a measure of maximal entropy for the flow pg t q is related to convergence properties of the Poincaré series at the critical exponent. Indeed, using the construction of Patterson and Sullivan ([Pa] , [Su] ) of a Γ-invariant measure on B 2 X, it is possible to construct a measure on T 1 X which is invariant under the action of Γ and the geodesic flow. This measure induces a pg t q-invariant measure on T 1 X{Γ called the Bowen-Margulis measure. It turns out that, if the group Γ is of convergence type then the Bowen-Margulis measure is infinite and dissipative. Hence the geodesic flow does not have a measure of maximal entropy. On the other hand, if the group Γ is of divergence type then the Bowen-Margulis measure is ergodic and conservative. If finite, it is the measure of maximal entropy.
It is, therefore, of interest to determine conditions that will ensure that the group is of divergence type and that the Bowen-Margulis measure is finite. It is along these lines that Dal'bo, Otal and Peigné [DOP] introduced the following: Definition 4.13. A geometrically finite group Γ satisfies the parabolic gap condition (PGC) if its critical exponent δ Γ is strictly greater than the one of each of its parabolic subgroups.
It was shown in [DOP, Theorem A] that if a group satisfies the PGC-condition then the group is divergent and the measure of Bowen-Margulis is finite [DOP, Theorem B] . In particular it has a measure of maximal entropy. Note that a divergent group in the case of constant negative curvature satisfies the PGC-property.
In our context, an extended Schottky group is a geometrically finite group such that all the parabolic subgroups have rank 1. Moreover, by Condition (C4) and Theorem 4.3, it satisfies the PGC-condition. Thus, the following property is a direct consequence of Theorem 4.12, Theorem 4.3 and (13).
Proposition 4.14. Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be an extended Schottky group. Assume that the derivatives of the sectional curvature are uniformly bounded. If pY, Φq is the symbolic representation of the geodesic flow on T 1 X{Γ, then s 8 ă h top pΦq.
Escape of Mass for geodesic flows
This section contains our main results relating the escape of mass of a sequence of invariant probability measures for a class of geodesic flows defined over noncompact manifolds. We prove that there is a uniform bound, depending only in the entropy of a measure, for the amount of mass a measure can give to the cusps. We also characterise the amount of entropy that the cusp can have. These results are similar in spirit to those obtained in [EKP, ELMV, KLKM] for other types of flows.
Theorem 5.1. Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be an extended Schottky group of isometries of X with property p‹q. Assume that the derivatives of the sectional curvature are uniformly bounded. Then, for every c ą δ p,max there exists a constant M " M pcq ą 0 such that for every ν P M Ω0 with h ν pgq ě c, we have
where ν has a symbolic representation as pµˆmq{ppµˆmqpY qq. Moreover, the value δ p,max is optimal in the following sense: there exists a sequence ν n P M Ω0 of g-invariant probability measures such that lim nÑ8 ş τ dµ n " 8 and
Proof. This is a direct consequence of Theorems 3.3 and 3.7 using the symbolic model for the geodesic flow on T 1 X{Γ.
The following corollary is just an equivalence of the first conclusion in Theorem 5.1 (see also Theorem 3.7).
Corollary 5.2. Assume X and Γ as in Theorem 5.1. If ν n P M Ω0 is a sequence of pg t q-invariant probability measures such that lim nÑ8 ş τ dµ n " 8, then
lim sup nÑ8 h νn pgq ď δ p,max .
We are now in position to prove the main result about escape of mass.
Theorem (1.2). Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be an extended Schottky group of isometries of X with property p‹q. Assume that the derivatives of the sectional curvature are uniformly bounded. Then, for every c ą δ p,max there exists a constant m " mpcq ą 0, with the following property: If pν n q is a sequence of ergodic pg t q-invariant probability measures on T 1 X{Γ satisfying h νn pgq ě c, then for every vague limit ν n á ν, we have
Proof. Since every ergodic measure in M g zM Ω0 has zero entropy, we can suppose that ν n belongs to M Ω0 for every n P N. Observe now that the cross-section S Ă T 1 X{Γ defined in the proof of Theorem 4.6 is bounded. Hence, using the identification Ψ : Ω 0 Ñ Y given by Theorem 4.6 and fixing 0 ă r ď inf xPΣ τ pxq, there exists a compact set K r Ă T 1 X{Γ such that Σˆr0, rs{ " Ă ΨpK r q.
Let µ n be the probability measure on Σ associated to the symbolic representation of ν n . By Theorem 5.1, we have ż τ dµ n ď M.
Hence, ν n pK r q " Ψ˚ν n pΨpK rě Ψ˚ν n pΣˆr0, rs{ "q
In other words, every vague limit ν of the sequence of ergodic probability measures pν n q n satisfies νpK r q ě r{M . In particular, we obtain νpT 1 X{Γq ě r{M . By setting m " inf xPΣ τ pxq{M , the conclusion follows.
Before giving the proof of the optimality of δ p,max , we need the following result.
Proposition 5.3. Let Γ be an extended Schottky group of isometries of X. Let p P A be a parabolic isometry. We can choose a hyperbolic isometry h P Γ for which the groups Γ n "ă p, h n ą satisfy the following conditions:
(1) The group Γ n is of divergence type for every n ě 1, (2) The sequence pδ Γn q n of critical exponents satisfy δ Γn Ñ δ P as n goes to 8, (3) The following limit holds lim nÑ8 n ř γPP e´δ Γn dpx,γxq " 0. Proof. The proof is based on that of [DOP, Theorem C] . Let G be a group, we will use the notation G˚for Gztidu. Define P "ă p ą and take U P Ă X Y BX a connected compact neighbourhood of the fixed point ξ p of p such that for every m P Z˚we have p m pBXzU P q Ă U P . We could take U P so that U P X BX is a fundamental domain for the action of P in BXztξ p u. Because Γ is non-elementary and Λ Γ is not contained in U P , it is possible to choose h P Γ a hyperbolic isometry of X such that its two fixed points ξ h´, ξ h do not lie in U P . We have used the fact that pair of points fixed by a hyperbolic isometry is dense in ΛˆΛ. Fix x P X over the axis of h. Since Γ is an extended Schottky group, for every k P N the elements p and h k are in Schottky position. In particular, for H k "ă h k ą we can find a compact subset U H k Ă X Y BX satisfying the following three conditions
Since P and U H k are in Schottky position it is a consequence of the Ping Pong Lemma that the group generated by them is a free product. By the same argument to that one of Lemma 4.4, there is a positive constant C P R such that for every y P U H k and z P U P , we have (14) dpy, zq ě dpx, yq`dpx, zq´C.
Applying inequality (14) and the inclusion properties described above we obtain
where m i P Z˚. As remarked in [DOP] the sum
is comparable with the Poincaré series of Γ k . Indeed, since h is hyperbolic both have the same critical exponent. Using the inequality (15) we obtaiñ
Because of our choice of x, if l :" dpx, hxq then dpx, h N xq " |N |l for all N P Z. Thus, ÿ nPZ˚e´s dpx,h kn xq ď 2 e´s lk 1´e´s lk .
Let s ǫ :" δ P`ǫ ą δ P and denoting P s " ř mPZ e´p δP`sqdpx,p m xq , then the sum P ǫ is finite. Assuming ǫ small, we get a constant D such that
Hence, if logpDP ǫ q{s ǫ l ă k, then De´s ǫkl P ǫ ă 1 and therefore δ Γ k ď s ǫ . Observe that the function t Þ Ñ logpDP t q{s t is continuous, decreasing and unbounded in the interval p0, ηq, for any 0 ă η ď 1. We can then solve the equation logpDP t q{s t l " k´1, where t P pδ p , δ p`η q and k is large enough. We call this solution ǫ k . By construction δ Γ k ď s ǫ k . It follows from the definition of ǫ k that lim nÑ8 P ǫ k " 8.
but the RHS goes to 0 as k Ñ 8. Since p is of divergence type, it follows from [DOP, Theorem A] that Γ n is of divergence type.
We proceed to show an explicit family of measures satisfying the property claimed in the second part of Theorem 1.2. We remark that the measures constructed in Theorem 5.1 can not be used at this point, since a compact set in T 1 X{Γ is not necessarily a compact set in the topology of Y . Hence, the fact that ş τ dµ n Ñ 8 does not imply that ν n á 0. Despite this difficulty, we can use the geometry to construct the desired family.
Denote by p a parabolic isometry in the generator set A with maximal critical exponent, that is δ p,max " δ p . Take Γ n "ă p, h n ą as in Proposition 5.3. Let m BM n be the Bowen-Margulis measure on T 1 X{Γ n . Since an extended Schottky group is a geometrically finite group, the measure m BM n is finite [DOP, Theorem B] . Moreover, it maximises the entropy of the geodesic flow on T 1 X{H n [OP, Theorem 2]. In other words h m BM n pgq equals δ Γn . Recall that the critical exponent δ Γn converges to δ p,max as n goes to infinity, therefore
Using the coding property, we know that T 1 X{Γ n (except vectors defining geodesics pointing to the Γ n -orbit of the fixed points of h and p) is identified with Y n " tpx, tq P Σ nˆR : 0 ď t ď τ pxqu{ ", where
and the geodesic flow is conjugated to the suspension flow on pY n , τ q (same τ as before, but for this coding). It is convenient to think pΣ n , σq as a sub-shift of pΣ, σq.
Since the Bowen-Margulis measure m BM n is ergodic and has positive entropy it need to be supported in Y n under the corresponding identification, i.e. in the space of geodesics modeled by the suspension flow. In particular we can consider m We just need to prove that ν BM n á 0 to end the proof of Theorem 1.2. This sequence actually dissipates through the cusp associated to the parabolic element p. Recall that ξ p denotes the fixed point of p at infinity. Define N ξp psq :" tx P X : B ξp po, xq ą su, where o P X is a reference point. Since Γ is geometrically finite, for s large enough N ξp psq{ ă p ą embeds isometrically into T 1 X{Γ, i.e. it is a standard model for the cusp at ξ p . By definition, the group ă p ą acts co-compactly on Λ Γ ztξ p u. In other words, if we consider a fundamental domain for the action of
Clearly the other fundamental domains are given by γD where γ P P.
In [DOP] it is proven that for any geometrically finite group Γ the BowenMargulis measure in the cusp C satisfies a bound of the type
Here the point x is chosen inside C and the constant A Γ,C basically depend on the size of C and the minimal distance between Λ Γ Ş D and BD. Define Q i " N ξp ps i q{ ă p ą, where the sequence ts i u iě1 is increasing with lim i s i " 8. We assume Q 1 provides a standard cusp neighborhood. Denote by p n the projection p n :
induced by the inclusion at the level of groups. By definition
We will prove that lim nÑ8 ν BM n pT 1 ppX{ΓqzQ i" 0 for any i. For this it is enough to prove the limit
Observe that, if π n : X{Γ n Ñ X{Γ is the natural projection, then the sets π´1 n Q i are represented by the same one in the universal covering. We denote S i this cusp neighborhood.
Lemma 5.4. The measure m BM n pp´1 n T 1 ppX{ΓqzQ igrowth at most linearly in k n , that is for certain positive constant C i , we have
Proof. Let D 0 (resp. D n ) be the fundamental domain of Γ (resp. Γ n ) containing o P X. By definition of fundamental domain, there exists a set T n Ă Γ such that (1) for any γ 1 , γ 2 P T n and γ 1 ‰ γ 2 , we have γ 1 intpD 0 q X γ 2 intpD 0 q " H, and (2)
Denote by K i the compact K i " pX{ΓqzQ i and let r K i the lift of
where CpΓ n q is the convex hull of LpΓ n qˆLpΓ n q in X Y BX. By construction and convexity of the domains C γ , there exists a positive integer N ě 1 such that #tγ P T n : γ r K i X CpΓ n q ‰ Hu ď N n.
In particular, we have
But again, by estimates given in [DOP] , the measurem
where L i is a constant depending on the diameter of r K i . By setting C i " N L i , the conclusion follows.
Using the comments just below equation (17) we know that the constants A Hn,Qi can be all considered equal to A H1,Qi . We have then
Hence, from (18) and (19), we get
Finally, property (3) in Proposition 5.3 implies that the last term above converges to 0. Therefore
which concludes the proof of Theorem 1.2.
Corollary 5.5. Let X and Γ as in Theorem 1.2. Then, the entropy at infinity of the geodesic flow satisfies h 8 pT 1 X{Γ, pg t" δ p,max .
Thermodynamic Formalism
In this section we always consider X a Hadamard manifold with pinched negative sectional curvature and Γ an extended Schottky group of isometries of X with property p‹q. We also assume that the derivatives of the sectional curvature are uniformly bounded. Our goal is to obtain several results on thermodynamic formalism for the geodesic flow over X{Γ. Some of these results were already obtained, without symbolic methods, by Coudène (see [Cou] ) and Paulin, Pollicott and Schapira (see [PPS] ). However, the strength of our symbolic approach will be clear in the study of regularity properties of the pressure (sub-section 6.2).
Here we keep the notation of sub-section 4.2. Thus, the geodesic flow pg t q in the set Ω 0 can be coded by a suspension semi-flow pY, Φq with base pΣ, σq and roof function τ : Σ Ñ R.
6.1. Equilibrium measures. We will consider the following class of potentials.
Definition 6.1. A continuous function f : T 1 X{Γ Ñ R belongs to the class of regular functions, that we denote by R, if the symbolic representation ∆ f : Σ Ñ R of f | Ω0 has summable variations.
We begin studying thermodynamic formalism for the geodesic flow restricted to the set Ω 0 . The following results can be deduced from the general theory of suspension flows over countable Markov shifts and from the symbolic model for the geodesic flow. With a slight abuse of notation, using the indentification explicited before, we still denote by f : Y Ñ R the given map f : Ω 0 Ñ R. Definition 6.2. Let f P R, then the pressure of f with respect to the geodesic flow g :" pg t q restricted to the set Ω 0 is defined by P Ω0 pf q :" lim tÑ8 1 t log¨ÿ ϕspx,0q"px,0q,0ăsďt
This pressure satisfies the following properties:
where M Ω0 denotes the set of pg t q-invariant probability measures supported in Ω 0 .
Proposition 6.4. Let f P R, then
where K Ω0 pgq denotes the space of compact g´invariant sets in Ω 0 .
Remark 6.5 (Convexity). It is well known that for any K P K Ω0 pgq the pressure function P g|K p¨q is convex. Since the supremum of convex functions is a convex function, it readily follows that P Ω0 p¨q is convex.
Proposition 6.6. Let f P R. Then there is an equilibrium measure ν f P M Ω0 , that is,
for f if and only if we have that P σ p∆ f´PΦ pf qτ q " 0 and there exists an equilibrium measure µ f P M σ for ∆ f´PΦ pf qτ such that ş τ dµ f ă 8. Moreover, if such an equilibrium measure exists then it is unique.
In order to extend these results to the geodesic flow in T 1 X{Γ we use the second conclusion of Proposition 4.10.
Definition 6.7. Let f P R, then the pressure of f with respect to the geodesic flow g :" pg t q in T 1 X{Γ is defined by
Proposition 6.8 (Variational Principle). Let f P R, then
Proposition 6.9. Let f P R, then
where Kpgq denotes the space of compact g´invariant sets.
Proposition 6.10. Let f P R be such that sup f ă P g pf q then there is an equilibrium measure ν f P M g , for f if and only if we have that P Ω0 p∆ f´PΦ pf qτ q " 0 and there exists an equilibrium measure µ f P M σ for ∆ f´PΦ pf qτ such that ş τ dµ f ă 8. Moreover, if such an equilibrium measure exists then it is unique.
Proof. Note that if sup f ă P g pf q then an equilibrium measure for f , if it exists, must have positive entropy. Since the measures ν hi , with i P t1, . . . , N 1 u have zero entropy (see Proposition 4.10). The result follows from Proposition 6.6.
The next result shows that potentials with small oscillation do have equilibrium measures, this result can also be deduced from [Cou, PPS] . Our proof is short and uses the symbolic structure.
Theorem 6.11. Let f P R. If sup f´inf f ă h top pgq´δ p,max then f has an equilibrium measure.
Proof. Assume that the measures ν hi are not equilibrium measures for f , otherwise the theorem is proved. Therefore, we have that P g pf q " P Ω0 pf q. We first show that P σ p∆ f´Pg pf qτ q " 0. Note that for every x P Σ,
By monotonicity of the pressure we obtain P σ ppinf f´tqτ q ď P σ p∆ f´t τ q ď P σ ppsup f´tqτ q.
Let t P ps 8`s up f, h top pgq`inf f q and recall that s 8 " δ p,max . Then 0 ă P σ ppinf f´tqτ q ď P σ p∆ f´t τ q ď P σ ppsup f´tqτ q ă 8.
Since P g pf q ă 8 and the function t Ñ P σ p∆ f´t τ q is continuous with lim tÑ8 P σ p∆ ft τ q "´8, we obtain that P σ p∆ f´Pg pf qτ q " 0. Since the system Σ has the BIP condition and the potential ∆ f´Pg pf qτ is of summable variations, it has an equilibrium measure µ. It remains to prove the integrability condition. Recall that B Bt P σ p∆ f´t τ qˇˇt "Pg pf q "´ż τ dµ.
But we have proved that the function t Ñ P σ p∆ f´t τ q is finite (at least) in an interval of the form rP g pf q´ǫ, P g pf q`ǫs. The result now follows, because when finite the function is real analytic.
6.2. Phase transitions. This sub-section is devoted to study the regularity properties of pressure functions t Þ Ñ P g ptf q for a certain class of functions f . We say that the pressure function t Þ Ñ P g ptf q has a phase transition at t " t 0 if the pressure function is not real analytic at t " t 0 . The set of points at which the pressure function exhibits phase transitions might be a very large set. However, since the pressure is a convex function it can only have a countable set of points where it is not differentiable. Regularity properties of the pressure are related to important dynamical properties, for example exponential decay of correlations of equilibrium measures. In the Axiom A case the pressure is real analytic. Indeed, this can be proved noting that, in that setting, the function t Þ Ñ P σ p∆ f´t τ q is real analytic and that P σ p∆ f´PΦ τ q " 0. The result then follows from the implicit function theorem noticing that the non-degeneracy condition is fulfilled:
where µ is the equilibrium measure corresponding to ∆ f´t τ . The inequality above, together with the coding properties established in [Bo1, BR, Ra] , allow us to establish that the pressure is real analytic for regular potentials in the Axiom A setting. In the non-compact case the situation can be different. However, the only results involving the regularity properties of the pressure function for geodesic flows defined on non-compact manifolds, that we are aware of, are those concerning the modular surface (see [IJ, Section 6] ). In this section we establish regularity results for pressure functions of geodesic flows defined on extended Schottky groups. We begin by defining conditions (F1) and (F2) on the potentials.
Definition 6.12. Consider a non-negative continuous function f : T 1 X{Γ Ñ R. We will say f satisfies Condition (F1) or (F2) if the corresponding property below holds.
(F1) The symbolic representation ∆ f : Σ`Ñ R is locally Hölder and bounded away from zero in every cylinder C a m Ă Σ`, where a P A, m P Z. (F2) Consider any indexation pC n q nPN of the cylinders of the form C a m . Then,
We say f belong to the class F if it satisfies (F1) and (F2).
In the following Lemma we establish two properties of potentials in F that will be used in the sequel.
Lemma 6.13. Let f be a potential satisfying (F1) and pν n q a sequence of measures in M Ω0 such that ν n " µnˆm|Y pµnˆmqpY q . Then,
(2) if f satisfies Condition (F2) and lim nÑ8 ş τ dµ n " 8, then lim nÑ8 ş Ω0 f dν n " 0.
Proof. To prove (1) we will argue by contradiction. Assume, passing to a subsequence if necessary, that lim nÑ8 ż τ dµ n " C.
Let ǫ ą 0, there exists N P N such that for every n ą N we have thaťˇˇˇż τ dµ n´Cˇă ǫ.
Lemma 6.14. Let r ą 1 then for every n ą N we have that
Proof of Lemma 6.14. Since the function τ is positive we have ż τ dµ n ě rµ n ptx : τ pxq ě ruq`ż tx:τ pxqďru τ dµ n .
Thus, C`ǫ ě rµ n ptx : τ pxq ě ruq.
C`ǫ r ě µ n ptx : τ pxq ě ruq.
Finally µ n ptx : τ pxq ď ruq ą 1´C`ǫ r .
Note that the set tx : τ pxq ď ru is contained in a finite union of cylinders on Σ. This follows from the inequality dpo, a m oq´C ď τ pxq, which is a consequence of Lemma 4.4, and the fact that A is finite. Since ∆ f is bounded away from zero in every one of them, there exist a constant Gprq ą 0 such that
If we choose r large enough so that 1´C`ǫ r ą 0 we obtain the desired contradiction. To prove (2) observe that for every ε ą 0 there exists N ě 1 such that for every k ě N , we have
Hence,
Since ε ą 0 is arbitrary, it follows the conclusion of the second claim.
Combining Theorem 3.7 and Lemma 6.13, we obtain the following Lemma 6.15. Let Γ be an extended Schottky group with property p‹q and let f a function satisfying property (F1). If pν n q n Ă M g is a sequence of invariant probability measure for the geodesic flow such that
Proof. If ν n P M Ω0 the Lemma follows directly from (1) in Lemma 6.13 and Theorem 3.7. If ν n P M g zM Ω0 then we can consider the measureν n :" ν n´ř
where the constants c n i ě 0 are chosen so thatν n (periodic orbit associated to hyperbolic generator h i q " 0. Let C n "ν n pX{Γq. If C n " 0 then hpν n q " 0 and there is not contribution to the desired lim sup hpν n q. Otherwise define u n " C´1 nνn . By definition u n is a probability measure in M Ω0 , we claim lim nÑ8 ş f du n " 0. Observe ş f dν n " ş f dν n`ř N1 i"1 c n i ν hi pf q has non-negative summands and it is converging to zero, it follows that ş f dν n Ñ 0, c
we have h νn pgq " C n h un pgq. Finally since C n Ñ 1 and lim sup nÑ8 h un pgq ď δ p,max (because u n P M Ω0 ), we get lim sup nÑ8 h νn pgq ď δ p,max .
The next Theorem is the main result of this sub-section and it is an adaptation of results obtained at a symbolic level in [IJ] . It is possible to translate those symbolic results into this geometric setting thanks to Theorem 4.12.
Theorem (1.3). Let X be a Hadamard manifold with pinched negative sectional curvature and let Γ be an extended Schottky group of isometries of X with property p‹q. Assume that the derivatives of the sectional curvature are uniformly bounded. If f P F , then
(2) We have that lim tÑ´8 P g ptf q " δ p,max .
(3) Let t 1 :" suptt P R : P g ptf q " δ p,max u, then
Note that Theorem 1.3 shows that when t 1 is finite then the pressure function exhibits a phase transition at t " t 1 whereas when t 1 "´8 the pressure function is real analytic where defined (see Figure below) . Recall that δ p,max " s 8 .
No phase transitions
Phase transition at t " t
Proof of (1). The first claim follows from the variational principle. By Theorem 5.1 there exists a sequence pν n q Ă M g such that lim nÑ8 h νn pgq " s 8 and their corresponding probability σ-invariant measures pµ n q in Σ satisfy lim nÑ8 ş τ dµ n " 8. Therefore, by (2) in Lemma 6.13, we also have that lim nÑ8 ş f dν n " 0. Hence, for every t P R, we have
Proof of (2). Since t Þ Ñ P g ptf q is non-decreasing and bounded below, the following limit lim tÑ´8 P g ptf q exists. Define A P R as the limit lim tÑ´8 P g ptf q :" A. Using the Variational Principle, we can choose a sequence of measures pν n q n in M g for which
Since A is finite it follows that lim nÑ8 ş f dν n " 0. Hence, from Lemma 6.15, we obtain lim sup nÑ8 h νn pgq ď s 8 . In particular,
Therefore, we have that A " δ p,max .
Proof of (3): Real analyticity. We first prove P g ptf q " P Ω0 ptf q. After this is done we can proceed with standard regularity arguments in the symbolic picture. Observe that for t ă 0 the pressure P Ω0 ptf q is always positive while the contribution of the pressure on pT 1 X{ΓqzΩ 0 is negative, so P g ptf q " P Ω0 ptf q for every t ď 0. Consider now t ą 0. Pick ν hi as in Proposition 4.10 (see also Definition 6.7). Denote by x´(resp. x`) the repulsor (attractor) of h i and γ hi the geodesic defined by those points. Consider p a parabolic element in A and let γ n be the geodesic connecting the points ξ´and ξ`where ωpξ´q " p´1h´n and ωpξ`q " h n p. Denote γ 8 the geodesic connecting p´1x´and x`. Observe γ n descends to a closed geodesic in T 1 X{Γ. By comparing γ n and γ 8 we see that for any ǫ ą 0, the amount of time γ n leaves a ǫ-neighborhood of γ hi is uniformly bounded for big enough n. Let ν n be the invariant probability measure defined by the closed geodesic γ n , then we get the weak convergence ν n Ñ ν hi . Then
ph νn pgq`t ż f dν n q ď P Ω0 ptf q.
This give us P g ptf q " P Ω0 ptf q. The pressure function t Þ Ñ P g ptf q is convex, non-decreasing and bounded from below by s 8 . We now prove that for t ą t 1 it is real analytic. Note that since t 1 ă t we have that P σ pt∆ f´s8 τ q ą 0, possibly infinity and that there exists p ą s 8 such that 0 ă P σ pt∆ f´p τ q ă 8 (see [IJ, Lemma 4.2] ). Moreover, Condition pF 2q implies that P g ptf q ă 8 for every t ą t 1 , hence P σ p∆ tf´Pg ptf qτ q ď 0.
Since τ is a positive, the function s Þ Ñ P σ pt∆ f´s τ q is decreasing and lim sÑ`8 P σ pt∆ f´s τ q "´8.
Moreover, since the base map of the symbolic model satisfies the BIP condition, the function ps, tq Þ Ñ P σ pt∆ f´s τ q is real analytic in both variables. Hence, there exists a unique real number s f ą s 8 such that P σ pt∆ f´sf τ q " 0 and B Bs P σ pt∆ f´s τ qˇˇs "s f ă 0.
Therefore, P g ptf q " s f and by Implicit Function Theorem, the function t Þ Ñ P g ptf q is real analytic in pt 1 , t ‹ q.
Proof of (4). First note that the previous claims imply that no zero entropy measure can be an equilibrium measure. Moreover, in the proof of (3) we obtained that for t P pt 1 , 8q we have that P σ pt∆ f´Pg ptf qτ q " 0. Since the system satisfies the BIP condition there exists an equilibrium measure µ f P M σ for t∆ f´Pg ptf qτ such that ş τ dµ f ă 8 (see Theorem 2.9). Therefore it follows from Proposition 6.6 that tf has an equilibrium measure.
In order to prove the last claim, assume by contradiction that for some t 1 ă t 1 the potential t 1 f has an equilibrium measure ν t1 . Then s 8 " P g pt 1 f q " h νt 1 pgqt 1 ş Ω0 f dν t1 . Since f ą 0 on Ω 0 , we have that ş Ω0 f dν t1 :" B ą 0. Thus the straight line r Ñ h νt 1 pgq`r ş Ω0 f dν t1 is increasing with r, therefore for t P pt 1 , t 1 q we have that h νt 1 pgq`t ż Ω0 f dν t1 ą s 8 " P g ptf q.
This contradiction proves the statement.
6.3. Examples. We will use the following criterion, first introduced in [IJ] , to construct phase transitions.
Proposition 6.16. Let f P F . Then
(1) If there exist t 0 P R such that P σ pt 0 ∆ f´s8 τ q ă 8, then there exists t 1 ă t 0 such that for every t ă t 1 we have P g ptf q " s 8 . (2) Suppose that there exists an interval I such that P σ pt∆ f´s8 τ q " 8 for every t P I. Then t Þ Ñ P g ptf q is real analytic on I. In particular, if for every t P R we have P σ pt∆ f´s8 τ q " 8, then t Þ Ñ P g ptf q is real analytic in R.
The proof of this Lemma follows as in [IJ, Lemma 4.5, Theorem 4, 1] . We now present an example of a phase transition (Example 6.18) and another one with pressure real analytic everywhere (Example 6.19). A useful lemma in order to construct an example of a phase transition, is the following Lemma 6.17. Let pa n q n be a sequence of positive real numbers such that ř 8 n"1 a t n converges for every t ą t˚and diverges at t " t˚. Then there exists a sequence pε n q n of positive numbers such that lim nÑ8 ε n " 0 and We can suppose without loss of generality that N m ă N m`1 . Define ε n for every N m ď n ă N m`1 as ε n " α m , and ε n " 1 for 1 ď n ă N 1 . Thus Observe that since τ is locally Hölder, the function f 0 is also locally Hölder. We first see that f 0 P F , for this it is enough to check that Condition (F2) holds. There exist constant C independent of m such that dpo, p m oq´C ď τ pxq whenever x P C p m . Then, if x, y P C p m we have τ pxq{τ pyq ď dpo, p m oq{pdpo, p m oq´Cq, i.e. sup xPC p m τ pxq{ inf xPC p m τ pxq is uniformly bounded in m, this implies Condition (F2). As shown in [BRW, Section 2], we can construct a continuous function f : Y Ñ R with ∆ f " f 0 . We define t : Σ Ñ R by tpxq " ps 8`εm q if the first symbol of x is p m , and s 8 otherwise. By simplicity we will denote spa m q " tpxq if the first symbol of x is a m . Following notations and ideas of the second part of the proof of Theorem 4.12, we obtain, P σ p´∆ f´s8 τ q " lim Observe that ř m e´s pa m qdpo,a m oq converges for every s ą δ a and every a ‰ p. On the other hand, the series ř mPZ e´p δp`εmqdpo,p m oq is finite by construction. In particular P σ p´∆ f´s8 τ q is finite. Observe that f is a potential belonging to the family F , then from Proposition 6.16 it follows that t Þ Ñ P g ptf q exhibits a phase transition.
Example 6.19. (No phase transition) Let Γ be a Schottky group with property p‹q. Define f 0 : Σ Ñ R`to be constant of value 1 and construct a continuous function f : Y Ñ R with ∆ f " f 0 . Observe P σ pt´s 8 τ q " t`P σ p´s 8 τ q " 8.
Recall that P σ p´s 8 τ q " 8, because the maximal parabolic generator is of divergence type (see the first part of Theorem 4.12). Since τ is unbounded and f 0 is constant, we can apply Proposition 6.16 to show that t Þ Ñ P g ptf q is real analytic in R. In particular, it never attains the lower bound s 8 .
Remark 6.20. In Example 6.18 and Example 6.19, the potential f is defined (a priori) only on the set Ω 0 . To extend it continuously to the entire manifold T 1 X{Γ, it is enough to define it to be equal to 0 on the complement pT 1 X{ΓqzΩ 0 .
